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1. Introduction 

The purpose of this paper is to use semiclassical analysis to unify and generalize LP esti- 
mates on high energy eigenf unctions and spectral clusters. In our approach these estimates 
do not depend on ellipticity and order, and apply to operators which are selfadjoint only 
at the principal level. They are estimates on weakly approximate solutions to semiclassical 
pseudodifferential equations. 

To motivate our results let us first recall Sogge's LP estimate [TH] on spectral clus- 
ters, II[ AA+1 ], of the Laplace-Beltrami operator, — A g , on a compact Riemannian manifold, 
(M n ,g): 

i 2(n + I ") 

(1.1) % )A+1] = 0(\-p) : L 2 (M,dvo\ g ) — L p (M,dvol g ), p= , 

where 

= ^ Uj <g> Uj , -AgUj = \ 2 jUj , \\Uj\\ L 2 {M4volg) = 1 , 

and {uj} form a complete orthonormal set. 

The spectral counting remainder estimates of Avakumovic-Levitan-Hormander implies 
a bound II^a+i] = 0(A (n ~ 1)/2 ) : L 2 -> Combining this with ([TTT|) and the trivial 

estimate, II[ AiA+1 ] = 0{\) : L 2 — > L 2 , we obtain optimal L 2 — > LP bounds for the spectral 
cluster operator (see the continuous line in FigHJ). 

A similar problem was considered for the harmonic oscillator, —A + |x| 2 in IR n , by 
Karadzhov, Thangavelu, and the first two authors — see fT] and references given there. 
In that case, and for n > 2, 

J 0(1) : L 2 {R n ) — > L 2n 'A"- 2 )(M n ) , 

(1-2) n [A , A+1] = | ^ A -l lo g(n+l)/2 A )l/(n+3)^ . j2 __, £2^+3)/^+!) ^ 



where now 



and again form a complete orthonormal set. An interpolated result without the 

logarithmic growth is also valid (see the dashed and dotted lines in FigHJ). Strichartz 
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estimates [H],fH] lie a t the heart of estimates and (jl.2j) . In fact, a quick proof of the 
first estimate in ()1.2|) follows from the pointwise decay of the Schrodinger propagator and 
the end-point Strichartz estimate of Keel and Tao [0] . 

A semiclassical point of view - see [S], [I], and ^2] _ allows to put both results in the same 
setting. For compact manifolds we consider the family of operators —h 2 A g — 1, h ~ A -1 , 
and for the harmonic oscillator, —h 2 A y + \y\ 2 — 1, where now h ~ A~ 2 , and y = h}l 2 x (see 
Example 1 below). 

A natural generalization of the problem can then be formulated as follows: suppose that 
P is a semiclassical quantization of a classical observable p, that is a P is a semiclassical 
pseudodifferential operator with the principal symbol given by p. Under what conditions 
on p and for what fi(q) do we have 

(1.3) Pu = L 2(h) , ||u|| 2 = 1 ||u||, = 0(h~^) ? 

Here the family of functions u = u(h) is assumed to be localized in phase space: 

3 K m W 1 , x e C c °°(M n ) , independent of h, such that 

supp u(/i) C if and V k , u(h) = X (hD)u(h) + O m (h k ) . 

An important comment is that the approximate solutions (|1.3|) are local, that is, the state- 
ment Pu = O L 2 {h), is invariant under localization in position (x) and in momentum (hD). 

In this introduction we state our results for the generalized Schrodinger operator, 

1 " 

(1.5) P = -h 2 A g + V(x) , VeC™(R n -R), A g = — V ^Vf^, , 

V9 i,j=i 

where g == (g 1 -* (x))™ is a non-degenerate matrix, and g == | det g~ x \- The more general 
results will be presented in the sections below. The proofs are based on semiclassical 
developments of the ideas from [TU], [H]. However, except for the use of basic aspects of 
semiclassical analysis reviewed in SectO and one application of the end point Strichartz 
estimate of Keel and Tao [H] the paper is self contained. 

Theorem 1. Suppose that P is given by (11.5)1 . u = u(h) satisfies ()1.4j) . and 

(1.6) Pu = L 2(h), \\u\\ L 2 = l. 
Then 

i In 

(1.7) H P = 0(/T3), P=^, n>2, 
while for n = 2 

(1.8) \\u\\ 00 = 0((\og(l/h)/h) 1 / 2 ). 
If V(x) ^ for x G supp u then 

, x ,„/, x x 2(n+l) 

(1.9) \\u\\ p = 0{h F), p=_L__Z > n >i. 
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Remark. Since we did not assume that (gij)x<ij< n is positive definite, but only that it 
is nondegenerate, an example in Sect. |H1 shows that the log(l//i) may occur when n = 2. 
In dimension one, the estimate does not hold as we can take p(x, £) = £ 2 + x 2 and u(x) = 
h-^exp(-x 2 /(2h)). 

The two theorems have some obvious interpolation consequences which we leave to the 
reader referring only to Figd For Schrodinger operators we have the following additional 
result which is a generalization of the main result of ^T], namely the second estimate in 

JE2). 

Theorem 2. Suppose that g in (II. 5|) is positive definite and that 
(1.10) dV(x)^0, xGsuppu. 

Under the assumptions of Theorem^ we then have 



1.11) IMI P =< O (log^^(l/h)h~^^^ p=^0 l 



n-l I 1 



n+l 



We do not know if the \og(l/h) factor in the estimate f)l .1 1|) is needed. The optimality 
of the remaining estimates for the Hermite operator is discussed in (111 Sect. 5]. We note 
that under the assumptions of Theorem|2l we have the bound ||w||oo = 0{h~ l l 2 ) for n = 2. 

As a consequence of the two theorems (see Lemma f2.3l below) we have the following 
Corollary 1. Suppose that P is given by (11.5(1 . u = u(h) satisfies (|1.4p . and 

Pu = L 2(h), \\ U \\ L 2 = 1. 

Then 

Nloo = 0(h~—) , n>2, ||u|| 00 = 0((log(l//i)//i)3), n = 2. 
IfV(x) 7^ for x G suppu or if (^(x)) is positive definite, and dV(x) ^ for x G suppu 



then 



n—l . 



\u\\oo = 0(h 2 ) , n > 1 . 



Returning to the general setting of (|Q(1 . the exponents /j,(q) shown in Fig^as functions 
of 1/q depend on nondegeneracy and curvature properties of the characteristic set of p 
intersected with the fibers of T*M n and the support of the localizing function x, over the 
support of u. In the case of (jl.3() the continuous lines correspond to estimates localized 
near points at which 

p(£o,£o) = 0, dg)(xo,Z Q ) ^ 0, 
{£ : p(xo,£) = 0} C T* o M. n has a nonvanishing second fundamental form at £o- 
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(n-2)/2n (n-1)/2(n+1) (n+1)/2(n+3) 1/2 



Figure 1. The x-axis gives 1/p and the y-axis the power of h in (11.3)1 . for 
n > 3. 

That case includes Sogge's estimate (jl.lj) . or more generally, the case V(x) ^ for 
Schrodinger operators - see Theorem Hand Sect El 

The dashed lines correspond to estimates localized near points at which 
p(xo, Co) = , dgp{x Q , Co) = , d 2 p(x , Co) is nondegenerate. 
This case corresponds to the first estimate in (1 1.2)1 - see Theorem Q and Sect El 
The dotted line corresponds to estimates localized near points at which 

p(%o, Co) = , dg>(x , Co) = , d x p(x , Co) ^ , <9|p(x , Co) is positive definite, 

see Theorem |21 and Sect [7] This case corresponds to the second estimate in p. 2)1 or the 

case dV ^ for Schrodinger operators. 

In this paper we are concerned with smooth symbols only. However, similar L p bounds 
for Laplacians of C 2 metrics were given by Smith in ^H], and for C 2 potentials in [TJ. The 
more robust L°° bounds hold for merely C 1 metrics |17j . 
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Finally, we add that estimates given in Theorems ^ El and Corollary^are rarely optimal 
for single eigenfuctions or quasimodes - see [20], EI] for a discussion and references. In fact, 
the problem (jl.3j) changes dramatically when Pu = Oi^(h) is replaced by Pu = 012(h) as 
the statement can no longer be localized. 

We conclude this introduction with three examples. 

Example 1. In some cases the scaling allows a transition to some global operators as in 
[TT] . Suppose that a potential W satisfies 

\d a W(x)\ < C a (x) 2 ~ a , 16I", l<i,j<n, 

and 

(-A + W{x)-\ 2 )u = 0{l), 
Vfc, \\(D}u\\ 2 = 0(X 2k ) 1 suppw c {x : 5X < \x\ < X/5}. 
for some 5 > 0. Then, 

(1.12) IMloo < CA— . 

In fact, put h = 1/A 2 , V{x) = hW{x/h*)%l){x/hk) - 1, where i/j G C c °°(M n \ {0}) satisfies 
ijj(x)u(x/h^) = u(x/ti2). A simple rescaling argument and the theorem above give ()1.12|) . 
If for instance W(x) = \x\ 2 we obtain the natural upper bound for the spectral projections: 

1|-a+|x|»-a»|< 1 = 0(A 2 ^) : L 2 (K") — ► n>3, 

and 

H|_a+W»-a»|<i = O(l) : L 2 (R n ) — > L^(M"), n>3. 

Example 2. The L p bound in f)l .7|) is optimal for the ground states of 

-h 2 A + V(x), ^(0) = 0, y"(0)>0, V\ x ^ >0, liminfy(x) > 0, 

X— >CX> 

that is for such that 

(-h 2 A + V{x))u{h) = E{h)u{h) , E{h) < Ch , \\u{h) || 2 = 1 . 
see |21 Chapter 4] and references given there. 

Example 3. Let us consider modes of a damped wave equation on a compact Riemannian 
manifold, (M n , g), 

(d 2 + a{x)d t - A g )u(t,x) = 0, u(t, x) = e~ lTt v T (x) , lmr<0, 

a G C°°(M; [0, oo)), see for instance |H Sect. 5. 3]. Suppose that ||iv||l 2 = 1, Then ()1.9|) 
shows that 

Klip <c\t\Kp= , IklU < c\r\^i 2 . 

n — 1 
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2. Review of semiclassical analysis 

In this section we review basic aspects of semiclassical pseudodifferential calculus, refer- 
ring to [3] and j3] for details. 

We denote by T*R k ~ R k x R k the cotangent bundle of R k . The classical observables are 
functions of position and momentum (x, £) G T*R k . Also, denote by S and S' the space 
of Schwartz functions and its dual respectively, and suppose that a G S(T*R k ) and . Then 
the left semiclassical quantization of a is the operator a(x, hD) : S'(R k ) — ► «S(M fe ) densely 
defined by 

a(x, hD)u(x) = J e^~^a{x, i)u{y)dydi , u G S(R k ) . 

In a few places it will be convenient to use the Weyl quantization, 

u(y)dyd£, u e S{R k ) . 

One of its advantages is the selfadjointness of a w (x, hD) for real values a's. 

This definition can be extended to a large class of observables. A function, m : T*R k — ► 
[0, oo) is called an order function if for all (x, £) , (y, rf) G T*R k , 

m{x, < C(l + \x - y\ + |f - rj\) N m(y, rj) , 

for some fixed C and N. We say that a G C°°(IR fc ) is a symbol in class S(m) if 

\d^a(x, 01 < C a m(x, , a G N 2k . 

Unless specifically stated, we always allow the symbols to depend on h. The continuous 
map 

S(T*R k ) 3 a i — ► a(x,hD) G £{S(R k ), S(R k )) , 

extends to a continuous map 

S(m) 3 a i — »■ a(x 7 hD) G C(S(R k ), S(R k )) , 

which satisfies the following fundamental composition property: if rrij, j — 1,2 are two 
order functions, and dj G S(rrij), j = 1,2, then 

(2.1) ai(x, hD)a 2 (x, hD) = b(x, hD) , 6 G S , (m 1 m 2 ) . 
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Moreover we have an asymptotic formula for b(x,£) given by 

(2.2) b(x,0 ~ ^ ai (x,0(hD x ra 2 (x,0 . 

We also have the mapping property: 

(2.3) aeS{l) a(x,hD) = 0{l) : L 2 (R fe ) — ► L 2 (R k ) . 

Suppose that a G 5(1) and that |a(x,OI > 1/C for all G T*M fc . Then 

a{x,hD)- 1 : L 2 (M fe ) — ► L 2 (M fc ) , 

exists if ft is small enough. In fact, by our hypothesis c(x,£) == l/a(sc, £) G 5(1), and by 
(f2~TJ) and 0> 

a(x, /i£>)c(z, hD) = I + hr{x, hD) , r G 5(1) . 

By f)2.3j) . r(x,hD) = 0(1) : L 2 — > L 2 , and hence J + hr(x,hD) is invertible for ft, small 
enough. This gives a(x, hD)' 1 = c(x,hD)(I + /ir(x, ft/}))" 1 . The use of semiclassical 
Beals's Lemma Proposition 8.3], [H Theorem 8.9], shows more: a(x, hD)' 1 = b(x,hD), 
beS(l). 

In this note we will also need a microlocal version of this result: 

Lemma 2.1. Suppose that \ G 5(1), m is an order function, and that a G 5(m) satisfies 
\a(x, £)| > m(x,£)/C for (x, £) G suppx- Tnen t/iere exisis 6 G 5(l/m) sitc/j t/iat 

6(z, hD)a(x, hD)x(x, hD) = x(x, hD) + L 2^ L 2(h°°) , 

( ^ 2 ' 4 ' ) a(x, hD)b(x, hD) X (x, hD) = X {x, hD) + L 2^ L 2(h°°) . 

When x G C c °°(T*M n ) we can rep/ace L 2^ L 2(h°°) by O s >^s{h°°). 

Proof. We give the proof in the case of x G and we first note that ax G 5((1 + \x\ + 
|£|) -M ) for any M. We then inductively construct bj G 5(1) such that 

h j bj{x, hDU a(x, hD) X {x, hD) = X {x, hD) + h N r N (x, hD) , 
J=o J 

r N G 5((1 + |x| + |^|) _A/ ), for any M. The symbol b G 5(1) satisfying 

oo 

fc(z,£)~5>(x,£) 

3=0 

gives dHU). □ 

The next lemma provides basic semiclassical L p estimates: 
Lemma 2.2. Suppose that a G S(T*M. k ). Then for 1 < q < p < oo, 
(2.5) a(x,hD) = 0(h k{1/p - 1/q) ) : L q (R k ) — > L p (R k ) . 
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Proof. We first recall that 

a(x, hD)u(x) = h~ k J K(x, (x — y)/ h)u{y)dy . 

where 



In particular K G S(R k x M fc ), and \K(x, z)\ < C N {1 + \z\)~ N for any N with C N indepen- 
dent of x. This means that 

\\a(x, hD)u\\ LP < C N h~ k \\(l + | • /h\y N * u\\ p . 

The Young inequality, 

(2.6) ||/HU»<ll/llrNI<n ±<P,q,r<oo, 1 + 1 = 1 + 1, 

p r q 

and the calculation 

h~ k \\(i + 1 • /h\y N \\ L r = ch~ k h k/r = c/i^vp-v?) ; 

give □ 

A microlocal version of the localization assumption (jl.4j) is given as follows 

(2.7) 3 x eC(ri*) ( u(h)=x(x,hD)u(h) + O s (h 00 ), 1^)112 = 1. 

The normalization in L 2 is needed as otherwise the statement Os(h°°) has no meaning, in 
view of scaling. 

This assumption combined with Lemma 12.21 has the following consequence which is a 
semiclassical version of Sobolev embedding. In fact, it is equivalent to Sobolev embedding 
for functions localized in frequency to a dyadic corona. 

Lemma 2.3. Suppose that a family u = u(h) satisfies (|2.7|) . Then for any 1 < q < p < oo, 

(2.8) H|xp < Ch k{1/p - 1/q) \\u\\ Lg + 0{h°°) . 
Proof. The estimates for ||x(x, hD x )u\\ p follows from Lemma [2.21 and 

ii(i - X )(*,/^Hi f/ = o(/n, 

from fl2H|) □ 



As an application of Lemmas 12.11 and 12. HI we state the following elliptic semiclassical 
LP estimate. It shows that to obtain general estimates in the remaining sections we can 
assume that u is localized to a neighbourhood of a characteristic point of P. 
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Theorem 3. Suppose that u satisfies the localization condition (J2.7|) and that 
Pu = (D L 2(h), \p(x,£)\>l/C, (x,£)esuppx. 

Then 

\\ u \\ p = o(h 1 - n ^ 2 - 1 ^). 

The next lemma is a global semiclassical version of a Sobolev embedding estimate (see 
for instance (HI Theorem 4.5.13]): 

Lemma 2.4. Suppose that Q\ and Q2 have properties stated in Lemma \2.b\ Then for 
u G C°°(M n ) 

IklU^) < Ci^ n(1/2 ^ 1/P) E W( hD T u hw, \-^<-<\, p<oo. 

\a\<m 

When u G C£°(M n ), and 1/2 — m/n = 1/p, p < 00, we can replace \a\ <m in the sum by 
\a\ = m. 

Proof. We can assume that u G C^°( t D,2) and then can consider Vt\ = Q2 = In that case 
the estimate with h — 1 is a standard Sobolev inequality. Applying it to Vh(x) = u{hx) 
gives the lemma: [hD x ) a u = D^Vh, 

\\Vh\\H m (R n ) = h~z ll(^-Da) M l|L 2 (M n ) 5 ||^/i||z,p(R") = ^ p \\ u \\ LP(U n ) ■ 

\a\<m 

□ 

For future reference we state also another basic fact. Let 

be the semiclassical Fourier transform, normalized to be unitary on L 2 (IR n ). The semiclas- 
sical Sobolev spaces are defined using the following norm 

Nl!g(R») = / (i + \tmr h v{t)\ a d£. 

If s is a nonegative integer then clearly 

||w|kj-(R») - Wi hD T u h- 

\ct\<s 

Lemma 2.5. For s > n/2 we have 

IMloo < Ch~ n/2 \\u\\ H s h{Rn) . 
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Proof. We follow the usual procedure keeping track of the parameter h: 

ML < ttAtt ( f l^itM 



(2nh) n 



< 

~ (2tt 



(i + iei 2 )- s ^/ (i + iei 2 ))i^(oi 2 ^ = ^ikiiV i )- 

a ) Jm." Jm.™ a 



□ 



Finally, we state without proof a semiclassical version of standard elliptic estimates (see 
for instance Theorem 17.1.3]): 

Lemma 2.6. Suppose that a differential operator, P(h) = Y2\ a \< m a a{ x i h)(hD x ) a , satisfies, 
(2.9) VM <m, /5eN n , df a a (x, h) = 0(1) , \ ^ a a (x,h)C\>\i\ rn /C , C > , 

\a\=m 

uniformly for x G K , for any K d W 1 . Then for any bounded open sets Q\, Q2, ^1 <s ^2, 
and u E C°°(lR n ) ; we have 

\\(hDr u \\ LHni) <c {\\p(h) U \\ 

\a\<m 

where Co depends only on constants in (J2.9j) for K = Q2, ^2, and VL\. 

3. L°° ESTIMATES IN THE PRINCIPAL TYPE CASE 

In this section we prove L°° bounds under a principal type assumption. We remark that 
this assumption is always satisfied in the case of the Laplacian on a Riemannian manifold 
for which p(x, £) = 9^{ x )^j ~ 1. The simple direct proof implies, rather than uses, the 
optimal upper bound on the number of eigenvalues of an elliptic operator in an interval of 
size h - see Corollary El at the end of this section. 

Theorem 4. Let m = m(x,C.) an order function, and let u(h) e L 2 (M. n ) satisfy the fre- 
quency localization condition (|2.7|) . Suppose that p e S(m) is real valued, and that 

(3.1) p(x,£) = 0, (x, £) e supp x 7^ . 
Then 

(3.2) IK/OIU- <Ch~^ 2 (\\u(h)\\ L2 + hp(x,hD)u(h)\\ L * 



Remark. The bound given in Theorem 0] is already optimal in the simplest case in which 
the assumptions are satisfied: p(x, £) = £1. Indeed, write x = (xi,x') and let xi Q°(]R), 
and x e C~(R™ _1 ). Then 

u(h) := h-W Xl { Xl )xW/h) 
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satisfies 

p{x, hD)u(h) = hD Xl u(h) = L2 (h) , \\u(h)\\ 2 = 0(1) , 
and for any non-trivial choices of xi an d Xi 

The condition (J3.1)) is in general necessary as shown by another simple example. Let 

p(x, £) = xi, and 

u{h) = h~ n l 2 Xl {x l /h)x{x'/h). 

Then 

P(h)u(h) = hh^ 2 (t X i(t))\t= Xl /hX(x'/h) = L2 (h) , \\u(h)\\ 2 = 0(1) , 

and 

which is the general bound of Lemma 12.31 

Proof of Theorem^ First we observe that we can assume that u(h) is compactly supported. 
We also note that the estimate hypothesis on u{h) is local in phase space: if X £ C^°(T*'M k ) 
then, normalizing to ||w(/i)||2 = 1, 

p(x, hD)x w (x, hD)u(h) = X w (x, hD)p{x, hD)u(h) + \p(x, hD), X w (x, hD)]u(h) 

= 0(l)(h\\u\\ 2 + \\p(x, hD)u\\ 2 ), 

Hence it is enough to prove the theorem for u(h) replaced by x Wu {h), where X is supported 
near a given point in K as a partition of unity argument will then give the bound on u(h). 
A partition of unity, in this case, means a set of functions,, 

{x;}f=o c CCPR") , 

such that 

N N 

(3.3) ^ Xj( x i = Xo(x, f ) , supp Xj C Uj , supp xo C U = (J Uj , 

where Z7o is a neighbourhood of suppx, a compact set, in which (J3.1j) holds. 

Suppose that p ^ on the support of X - We can quote Theorem |3] but for the 
reader's convenience present an argument. From the ellipticity and Lemma 12.11 we see 
that p(x, hD)x w u(h) = OtfQi) implies that x Wu (h) = @L 2 {h)- Lemma \2. 31 then shows that 

||x M tt(>OII°o < Chh- n/2 < Ch' {n - 1)/2 . 

Now suppose that p vanishes in the support of x- By applying a linear change of variables 
we can assume that p^ ^ there. The implicit function theorem shows that 

(3.4) p(x,0 = e(x,0(£i-a(x,£')), £ = (6,0> e(x,O>0, 
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holds in a neighbourhood of supp x- We extend e arbitrarily to e G S, e > 1/C, and a(x, £') 
to a real valued a(x, £') G S*. The pseudodifferential calculus shows that 

e w (x, hD)(hD xl - a(x, hD x ,))( X w u(h)) = p(x, hD)( X w u(h)) + O^h) 

= 0„{h), 

and since e w is elliptic, 

(3.5) (hD xl -a(x,hD xl ))( X w u(h))=0 L 2(h). 

The proof will be completed if we show that 

(3.6) ||(x w «)(«i,«)||l 2 (h»-i) = 0(1), 
and for that we need another elementary 

Lemma 3.1. Suppose that a G S(K. x T*IR fc ) zs rea/ valued, and that 

(hD t + a w (t, x, hD x ))u(t, x) = f(t, x) , w(0, x) = u (x) , 
/ G L 2 (IR x R fe ) , M GL 2 (M fc ). 

T/ien 

, 

(3.7) ||n(t, •)|| L 2 (]R fc) < — ||/||z,2( MxM fc) + ||«o||i^(k*) • 

Proof. Since a w (t,x,hD) is family of bounded operators on L 2 (IR fc ) existence of solutions 
follows from existence theory for (linear) ordinary differential equations in t. Suppose first 
that / = 0. Then 

^4lK0llW) = Re{d t u{t),u(t)) L 2 (wk) 



2dV 

= - Re(ia w (x, hD)u(t), u(t)) = 

Thus, if we put E(t)uo := u(t), 

||-E'(*)'"o|U 2 (r*) = \\ u o\\l 2 
If / 7^ 0, Duhamel's formula gives 



i r* 

u(t) = E(t)u + - E(t- s)f(s)ds 
"< Jo 



and hence 



IK*)||l,2(Kfc) < ||tto||L2(Rfc) + / ||/(s)|| L 2, 

JO 

The estimate (|H.7jl is an immediate consequence. □ 
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The estimate ()3.6|) is immediate from the lemma and ()3.5|) . We now apply Lemma [2.31 
in x' variables only, that is with k = n — 1. That is allowed since we clearly have 

||(1 -iP(hD')) X w u(h)(xi,')\\L^-i) = 0(h°°), 

uniformly in X\. □ 

As an application we give a proof of a well known result about the density of eigenvalues 
near a nondegenerate energy level - see [HI Chapter 4] for a full discussion. For simplicity 
we assume that our operator is defined on a compact manifold X - see jU Appendix D] for 
an introduction to semiclassical analysis on manifolds. The symbol classes are now defined 

as 

S m ' k (T*X) = {ae C°°{T*X) : \d^a\ < h~ k C a p(l + |£|) m " l/31 } , 

with corresponding operators denoted by ty m ' k (X, ttiX), where to avoid a choice of a 
density we act on half densities on X (see j3J Sect.8.1]). The principal symbol of P G 
ty m ' k (X,Qi) is then defined in s m ' k / S^'^^X). The example to keep in mind is of 
course 

P = -h 2 A - 1 e * 2 '°(X) . 

Corollary 2. Let P G \l/ m ' (A, QiX) be a semiclassical selfadjoint pseudo-differential op- 
erator on a compact n dimensional manifold X with a real principal symbol p e S m,0 (T*X) 
(well defined modulo S m ~ l ~ l {T* X)) satisfying 

\p(x,0\>(l + \Z\) m /C-C, (x,£)eT*X. 

Let Spec(P) C M be the spectrum of P which is a discrete set. If 

p(x,0 = EER => ds P {x,Z)^0, 

then 

\[E-h,E + h]n Spec(P) | = C^/i 1 -' 1 ) . 

Proof. We reverse the standard argument for obtaining L°° bounds from remainder esti- 
mates for the spectral projection - see [TBI- Under the assumptions on P, the resolvent 
(P — z)~ l is compact for z ^ M (for instance using Lemma l2.1l with m(x,£) = (£) m )- Hence 
the spectrum consists of isolated eigenvalues, A, with smooth eigenfuctions half densities, 
4>\. We define the spectral projection, 

\X-E\<h 

Theorem 13] shows that 

U h = 0(h^ n ~ 1)/2 ) : L 2 (X,Qi_X) ^L co (X). 
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Here we chose a trivialization of the half-density bundle which identified half densities with 
functions, allowing a map into L°°. Hence, 

IL h (x,x) = ! U h (x,y)U h (y,x) = F h (x)\dx\ , \F h (x)\ < \\n h \\ 2 L2 _ Lao <Ch~ n+ \ 

J Xy 

and 

\[E-h,E + h]nSpec(P)\= [ U h (x,x)= [ F h (x)\dx\ 

J x Jx 

<vol(X)\\F h \\ 00 = 0(h~ n+1 ). 
Here the volume was computed using the same trivialization of the density bundle. □ 

The same proof can be applied in other situations in which we have precise L°° bounds, 
for instance under the assumptions of Theorems ^ El n > 2. That however does not 
add anything new to the results of Ivrii [S]. Brummelhuis-Paul-Uribe obtained precise 
asymptotics when the critical set of p has a nice structure and that paper can be used to 
construct operators for which log(l//i) appears in L°° bounds. However, both references 
suggest that the log(l//i) term in Theorem^ when n = 2 does not occur for Schrodinger 
operators. 

Finally we remark that in the case of nonself adjoint operators L°° estimates do not seem 
to give bounds on the number of eigenvalues in small regions - see [T^] for a discussion of 
such estimates and references in the context of resonances. 

4. Semiclassical Strichartz estimates 

To prove Theorems Q an d 121 or rather their more general versions in Sections El El and[7l 
we use Strichartz estimates. Unlike the L°° bound of the previous section which involved 
an energy estimate only they rely on the nondegeneracy of 9|p. 

Semiclassical Strichartz estimates for the Schrodinger propagator of P = —h 2 A g — 1 
appeared explicitely in the work of Burq, Gerard, and Tzvetkov [2j who used them to 
prove existence results for non-linear Schrodinger equations on two and three dimensional 
compact manifolds. A more robust phase space representation of Schrodinger propagators 
applicable to a wider range of operators is given in [TD] and [22] • We refer to these papers 
for pointers to the vast literature on Strichartz estimates and their applications. 

Here we give a consequence of the well known parametrix construction recalled in Propo- 
sition 14.21 and of the abstract Strichartz estimates of |Hj . For the reader's convenience we 
first recall the abstract Strichartz estimate, slightly modified for the semiclassical applica- 
tion: 

Proposition 4.1. Let (X,A4,dm) be a a-finite measure space, and let 

U e L°°(M,i3(L 2 (X, dm)) 
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satisfy 

\\U(t)\\ Bmx)) <A, tea, 

\\U(t)U(s)*f\\ L ~ iXt rt < Ah-»(\t -s\ + h)-°\\f\\ L i {X)dm) , t, s G R, 

where A, a > 0, fi > are ,/zxed. 

?7je /or every pazr p, g satisfying 

2 2<r , , . , 

— I = o- , 2 < p < oo , 1 < q < oo , ho, g) 7M 2, oo) , 

P 9 

we have 

(4-2) (7 I^W/ir in x,d m) ^ ' < Bh-£\\f\\ L2(X4m) . 

When (p, q) = (2, oo), and \i — 2, we have the same estimates with the h dependent constant 
replaced by (log(l//i) /h) 1 ^ 2 . 

To explain the logarithmic correction term for (p, q) = (2, oo), that is a = 1, we recall the 
proof in in that case referring the reader to jH] for a complete argument. We also remark 
that in (|4.1|) (\t — s\ + h)~ a can be replaced by \t — s\~ a except for the case of (2, oo). 

Proof of the case a = 1, p = 2: The estimate we want reads 

\\U(t)f\\ L2{RuLoa{x)) <B\\f\\ L2{x) . 

This is equivalent to 



U(t)f(x) G(t,x) dm(x)dt < \\f\\L^(x)\\G\\ L 2 {R)L i {x)) , 

ixX 

for all G G L 2 (R, L°°(X)), and that in turn means that 

|| / U(t)*G(t)dt\\ L2{x) <C\\G\\ L 2 {R , LHx)) , 
Jr 

or in other words that 

(4.3) T : L 2 (R, L°°(X)) — > L 2 (X) , TG{x) := I U(t)*G(t,x)dt . 

Jr 

We note that T*f(s,x) := U(s)f(x), and that the mapping property (|4.3|) is equivalent to 

(T*TG, -F)l 2 (RxX) < ^||G||£2( R)Z ,i(x))||F||£2( R)i i(x)) , 
which is the same as 



(4.4) 



(U(t)*G(t),U(s)*F(s)) dtds 



< C||G||l2(R,L1(X))||-^||l2(R,L1(X)) • 



The hypothesis (with a — 1) can be restated as 

\(U(t)*G(t),U(s)*F(s))\ ^C^+lt-sD^UGf^lUxwII^IUiw- 
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Now now apply the Young inequality in t (see (|2.6|) above) with p = q = 2 and r = 1, 
noting that \\ip{t){h + | • |) _1 ||li(r) < C\og{l/h). That gives (|4.4|) completing the proof. 

□ 

We also need the semiclassical parametrix construction which is classical [sic!] and where 
we follow Appendix a] - see also [HI Proposition 7.3], and for a textbook presentation 
[U Sect. 10.2]. As emphasized in (THj for the dispersive estimates of the type used here, we 
only need very basic information about the amplitude, far from the precise results needed, 
for instance, in the study of trace formula? |14j . 

Proposition 4.2. Suppose that F(t,r) is defined by 

hD t F(t, r) + P(t)F(t, r) = , F(r, r) = G(r)(x, hD) , G(r) G C c °°(T*M fc ) . 

Let us also assume that pt = a(P(t)), the Weyl symbol (with a possible dependence on h in 
the subprincipal symbol part) of P(t), is real. Then there exists t > 0, independent of h, 
such that for < t < to, 

(4.5) F(t, r)u(x) = j^jTk J f e^ r ' x '^- y ^b{t, x, m h)u(y)dydr] + E{t, r)u(x) , 
where 

(4.6) d t <j)(t,r,x,r])+p t (x,d x <j)(t,r,x,T)) = 0, 4>(r,r,x,r)) = x ■ r) , 
b e C C °°(M x T*R n ), and E(t, r) = 0(h°°) :S'^S. 

Proof. The equation (J4.6|) is the standard eikonal equation for which we find a (possibly 
/i-dependent) solution (f>. The amplitude b has to satisfy 

(hD t + pf{x, hD))(e^ x ^ h b(t, x, rj; h)) = , 

which is the same as 

(d t <f) + hD t + e-W h p?(x, hD)e i,t>/h ){b) = . 
The Weyl symbol of e -^l h p ^ e ^/ h i s 

q t (x,Z)= Pt (x,<f>' x + + O(h 2 ), 
and using that d t (p = —pt(x, d x <f>), we get 

(hD t + f?(x,hD))b = 0(h 2 ), 

with ft(x,£) = Pt(x,4>' x + C) ~Pt(x,4>' x ), and with rj considered as a parameter. This can be 
solved asymptotically in h. □ 

Proposition 4.3. Suppose that \ £ C^°(T*R k ), and that (j6.1|) holds in supp(x)- With 
P = p(x,hD), let U(t) be given by Proposition \4 . Q Then for ip G C^°(K.) with support 
sufficiently close to 0, and 

U(t, r) := ip(t)F(t, r) X w (x, hD) or U(t, r) := ip(t) X w (x, hD)F(t, r) 
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we have 



sup / \\U(t,r)f\\Vdt\ <Bh- P \\f\\ LHm , 
U 7) rei \Jm J 

2 k k 

- + - = -, 2 < p < oo , 1 < q < oo , 0, q) ^ (2, oo) . 
p g 2 

When (p, q) = (2, oo), i/iat is for k = 2, we have the same estimate with /i -1 / 2 replaced by 
Qog(l/h)/h)W. 

Proof. In view of Proposition 14.11 we need to show that 

(4.8) \\U(t,r)U(s,ryf\\ L - ix , dm) < Ah~ k l\h + \t - s\)- k '\ t,seR, 

with constants independent of r £ J. We can put r = in the argument and drop the 
dependence on r in U and F. 

We use Proposition 14.21 The construction there and the assumption that x £ Q" 3 show 
that 

U(t) = U(t) + E{t) , 

where 

E(t) =0(h°°) :£'->£, 
and the Schwartz kernel of U(t) is 

U(t, x, y) = -i— / e 4(**™>-<™>>&(t, y , x, 77; ^)dr? , 

(4 ' 9) 6£5(l)nC(M 1+3fc ), <p(0,x,rj) = (x, V ), 

d t <f(t, x, ri) + p(t, x, d x <p(t, x, t])) = . 

Hence we only need to prove ()4.8|) with U replaced by U and that means that we need 
an L°° bound on the Schwartz kernel of W(t, s) := U(t)U(s)*: 

W{t, s, x, y) = . * [ e iM^v)-rts,y,0-(z,v-0) B dzd(dri , 



where 

B = B(t, s, x, y, z, v ,(;h)eSn C c °°(K 2+6fc ) • 

The phase is nondegenerate in (z, () variables and stationary for £ = r], z — d^ip(s, y, (). 
Hence we can apply the method of stationary phase to obtain 



W(t,8,x,y) = j—rs I erM^-^y,,)) Bl (t,s,x,y,r,;h) dr, . 
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where B\ 6 S H C,?°(K 2+3fc ). We now rewrite the phase as follows: 

<P ■= <p(t, x, 77) - (p(s, y, rj) = (t - s)p(0, x, 77) 
+ (x-y,r] + sF{s, x, y, rj)) + 0{t - s) 2 , Fe C°°(M 1+3fc ) , 
where using (J4.9)) we wrote 

ip(s, x, rj) - tp(s, y, 77) = (x - y, rj) + (x - y, sF(s, x, y, rj)) . 

The phase is stationary when 

d^p = (I + sd n F)(x -y) + {t- s){d v p + 0(t - s)) = , 
and in particular, for s small, having a stationary point implies 

x-y = 0(t-s), 
as then (/ + sd v F) is invertible. The Hessian is given by 

E%p = sd 2 v F(x -y) + (t- s)(d 2 v p + 0(t - a)) 
= (t ~ s)(d 2 p + 0(\t\ + , 

where d 2 p = d 2 p(0, x, rj). 

Hence, for t and s sufficiently small, that is for a suitable choice of the support of i/j 
in the definition of U(»), the nondegeneracy assumption (|bM|) implies that at the critical 
point 

Hence for \t — s\ > Mh for a large constant M we can use the stationary phase estimate 
to obtain 

\W{t, s, x,y)\< Ch~ k / 2 (h + \t- s\)- k l 2 . 
When \t — s\ < Mh we see that the trivial estimate of the integral gives 

\W(t,s,x,y)\ < Ch~ k < C'h- k/2 (h+ \t-s\)- k/2 , 
which is what we need to apply Proposition 14.11 □ 

5. L p ESTIMATES IN THE NONDEGENERATE PRINCIPAL TYPE CASE 

In this section we prove the general version of the part of Theorem Q in which V(x) 7^ 0. 
That covers the case of spectral problems on Riemannian manifolds in which case we take 
V(x) = -1. 

To state the general result we formulate the following nondegeneracy assumptions at 

(5.1) pOo,£o) = %>Oo,£o) 7^ 0. 

Then the set 

Char xo (p) = {£ : p(x ,0 =0}, 
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is a smooth hypersurface in M n . We then assume that 

(5.2) the second fundamental form of Chax XQ {p) is nondegenerate at £o- 

In more concrete terms, by a linear change of variables, we can assume that d^p(xo, £o) = 
(p, 0, ■ • • , 0), p ^ 0. Then near (x , £ ), 

(5.3) p(x,£) = e(x,£)(£i - a(x,£')) , e(x ,£o)^0, 
and our assumption is 

(5.4) d%,a(x , £o) is nondegenerate. 

As in the remark following (jfj.ljl we note that this assumption is invariant under linear 
changes of coordinates in £. In particular ()5.4j) is invariant under changes of variables. We 
should mention here that symbol factorizations (J5.3j) have a long tradition in microlocal 
analysis and in the context of LP estimates were used in |13j . 

Theorem 5. Suppose that u(h), \\u(h)\\L2 = 1, is a family of functions satisfying the 
frequency localization condition (J2.7j) . Suppose also that (J5.1)) and (|5.2|) are satisfied on 
suppx- 

Then for p = 2(n + l)/(n — 1), and any K <<= R n , 

(5.5) IK^IU*. < Ch~ l ' p [\\u{h)\\ 2 + h\p{x,hD)\\u 

Remark. The first example in the remark after Theorem 0] shows that the curvature 
condition (|5.2|) is in general necessary. In fact, if p(x, hD) = hD Xl and 

u{h) = h-W* X (xi)xW/h) 

then for p = 2(n + l)/(n — 1), 

\\ U \\ LP ~ h {n-W/P-im = h -(n-l)/(n+l) ^ Qfa-l/p) . 

However for the simplest case in which (|5.2|) holds, 

pM=ti-$ — e n , 

the estimate ()5.5|) is optimal. To see that put 

u(h) := /i" (n - 1)/4 Xo(^i)exp(-|xf /2h) , 
where x = (xi,x'), Xo £ C^°(R). Then 

{-h 2 A x , + |x'| 2 )u(/i) = (n - l)h u{h) , 
||it(/i)|| 2 ^ 1, \x'\ 2k u(h) = L 2(h k ). Hence, 

p w {x,hD)u{h) =0 L 2(h), 

and 

\\u(h) \\ pm ~ fe("-D(2/P-i)/4 = fc-i/P , p = 2 (n + l)/(n - 1) . 
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Before proving Theorem El we prove a lemma which is a consequence of Proposition 14.31 
Lemma 5.1. In the notation of Proposition ^ - ^ and for 

2(£; + 2) 

we have 



(5.6) || / U(t,s)l I (s)f(s,x)ds\\ LP{RtxR k ) < Ch 1/p ||/(s,z)|| £a(R fc)ds. 

Jo Jr 

Proof. We apply the integral version of Minkowski's inequality and (|4.7j) : 

U(t, s)l I (s)f(s,x)ds\\ LP{RtxR k ) 
<C / ||l [Si00) (t)^(t, S )/( 5 

i x ) l|LP(RtxR*)^ s 

JIOB.+ 

<C \\U(t,s)f(s 
JinR+ 

<C'h~^ [ \\f(s,x)\\ LHm ds. 







□ 

Proof of Theorem 0' We follow the same procedure as in the proof of Theorem 0] but 
replacing the energy estimate of Lemma 13. II with the Strichartz estimate. 

We factorize p(x, £) as in ()3.4|) and we easily conclude that for x with sufficiently small 
support, 

(hD Xl -a(x, hD x ,))( x w u(h))=0 L2 (h). 

Let 

f(x 1 ,x',h) = (hD Xl -a(x, hD x ,))( X w u(h)) . 
Since ||/||2 = 0(h), we see 



(5.7) / \\f(x 1 ,*)\\ L2{Rn -r ) dt < C\\f\\ L2{Rn) = 0(h) . 

Jr 

We now apply Proposition l4.3l with t — X\ and x replaced by x' G M™ -1 , that is k — n — 1. 
We also take p = q in ()4.7|) . 

2(A; + 2) _ 2(n+ 1) 
^ ^ k n — 1 
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The assumption (J5.2|) shows that d 2 ,a is nondegenerate in the support of x- We can choose 
ip and x i n the definition of U(t, s) in the statement of Proposition 14.31 so that 

X w {x, hD)u{ Xl , x', h) = % - [ 1 Ufa, s)f(s, x')ds + O s (h°°) . 

h Jo 

Then, using Lemma f5. 11 

\\ X w (x,hD)u\\ LP <]-h^ p [ \\f(s,;h) |U 2(K n-i)d S + 0{h°°) 
= 0(/i~ 1/p ) . 

A partition of unity argument used in the proof of Theorem 0] concludes the proof. □ 



6. L p ESTIMATES IN THE NONDEGENERATE NON-PRINCIPAL TYPE CASE 

In this section we prove the general result corresponding to the part of Theorem giving 
estimates near points where V(x) = 0. This means considering the case of G^p(x ,£o) = 0. 
For functions localized near (x ,^ ) in the sense of (12. 7|) . the estimates will hold under the 
following nondegeneracy condition at (xo,£o) : 

(6.1) <9|p(xo,£o) is non-degenerate . 
We then have 

Theorem 6. Let n > 2, suppose that the localization condition (J2.7|) holds and that suppx 
is a small neighbourhood of a point (xo,£o) °* which p(xo,£o) = ®> d^p(xo,^,o) = ; and 
()6.1|) holds. Then 

(6.2) \\u(h)\\ g <Chr x ' 2 (\\ U {h)\\ 2 + ±\\ P (x,hD)u(h)\\^ , g = JlL. 
Also, 

(6.3) IMU < h-^' 2 (\\u(h)\\ 2 + ^\\p(x,hD)u 

When n = 2 the same estimate holds with h~ 1 / 2 replaced by (log(l /h)/hY I 2 . 

Proof. To simplify the proof we assume that (|6.1|) holds on the support of x, i n other words, 



(6.4) (x, f ) G supp x det d 2 p(x, £) ^ • 

The Hessian, d 2 f(^o), of a smooth function /(£) is not invariantly defined unless d^f^o) = 
0. However the statement ()6.1)) is invariant if only linear transformations in £ are allowed. 
That is the case for symbol transformation induced by changes of variables in x, see jU 
Theorem 8.1]. 
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Suppose that Pu = hf and that the assumptions of theorem hold. In particular, / G L 2 
and x{x, hD)f = f + O s (h°°). Then 

(hD t + P)u = hf . 

Using the notation of Proposition 14.21 Duhamel's formula gives 

i/>(t)u(x) = U{t,0)u(x) + i [ U{t,s)f{x)ds + O s {h 00 ) . 

Jo 

Choose JiMso that supp xjj C /. Propositions 14.31 applied with p = 2 and q = 2nj (n — 2), 
and the integral version of Minkowski's inequality, show that 



ijj(t) 2 dt) \\u\\ q <Ch~^\\u\\ 2 + C 



U{t,s)f{x)ds 



dt 

q 



(6.5) 



<Ch-*\\u\\ 2 + C[ I I \\U(t jS )f(x)\\ 2 dsdt 



<C'h-*{\\u\\ 2 +\\f\\ 2 ). 

This proves (|6.2j) . To see ()6.3|) we use ()6.2j) . the localization assumption ([2.7)1 . and Lemma 
ESI ||u||oo < ^ _n/9 ||«|| g , n/g + 1/2 = n/{2n/{n - 2)) + 1/2 = (n - l)/2. 

For n = 2 we use the weaker version of the end point result in Proposition 14.31 □ 

Remark. We should stress that to obtain (|6.3j) we do not need the subtle end point 
Strichartz estimate but its easier interior version: the same proof based on that gives 

\\u(h)\\ q < Ch-W**' 9 (\\u(h)\\ 2 + ^\\p(x,hD)u(h)\\ L *) , ^ < q < oo, 

from which the L°° estimate follows in the same way. 

In the generality we work in the bound ()6.3|) is not true for n — 2. Consider the following 
operator 

(6.6) P = p(x, hD) , p(x, = & ~ £ + x\-x 2 2 . 

Let we{x) be the normalized eigenfuction of D 2 + y 2 in dimension one with eigenvalue 
21 + 1. Then for i = 2j even we have the classical fact based on Stirling's approximation: 

= 1.3...(2j-3).(2j-l) = Vm K = i 

J v/f^M 2^'!7ri 2 

and we can choose w 2 j to be real and to satisfy w 2 j(0) > 0. We now put 

k ( 2 f +!-l 



i=2« 
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Since all the different summands are orthogonal we have \\vkW2 = 1, and 
Now put 

= hT*v k (x/h*), T k < h < 2~ k+1 . 
With P given by ()6.6|) . Pu(h) = 0, and 

IkWIloo > (\0g(l/h)/h) 1 * = (/T*||u|| 2 ) l0g(l//l)i . 

Since we have 

^((/i j D) 2 + x 2 ))m = m, 
with ?/> e C^°, the localization condition in Theorem El follows. 

7. Improved estimates for Schrodinger operators. 
In this section we prove a reformulation of Theorem EJ 
Theorem 7. Letp(x,£) be of the form 

n 

Suppose that u{h) satisfies the localization condition ()2.7|) and that supp x is a small neigh- 
bourhood of (xo,^o) a t which 

(7.1) p(x , Co) = , 4p( x o, Co) = , d as p(2C , Co) 7^ , 9|p(x , Co) " positive definite. 
Then 



\u\\ 2 + hp(x,hD)u\\ 2 = 0(l) 
n 



implies estimates (jl.llj) . 



Remark. It seems clear that the assumption ()7.1|) is sufficient for the conclusion of the 
theorem to hold. We restrict ourselves to the special case of quadratic hamiltonians in order 
to streamline the rather involved proof. On the other hand the case of a nondegenerate 
but not necessarily definite Hessian <9|p poses a greater challenge. 

We start with a reduction of the problem. We can assume that (x , Co) = (0, 0), and since 
we work locally, and dV(0) ^ 0, we can change coordinates so that V(x) = —x\. We can 
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then choose normal geodesic coordinates for the quadratic form g(x, £) = J2i j a ij( x )^j 
with respect to the surface X\ = 0. That means that we can replace p with 

p(z, = £i + A(x, £') - c(x)x! , 

(7.2) A(^0 = E%.(x)^i>^ri 2 , c(0) = l. 
The Hamilton vector field of p is 

(7.3) # p = 2^ + ( c (z) - Xl d^c{x) - d xl \(x,?))d Sl + V , 

where the vector field V does not involve differentiation with respect to X\ and £i. At 
(x,£) = (0, 0) we have H p — V = 2£id Xl + <% and this model vector field is essential in the 
argument. 

We observe that for x\ < —5 < the operator is elliptic in the semiclassical sense, while 
for X \ > 5 > we can apply Theorem El which gives a stronger conclusion than (jl.llj) . The 
analysis is confined to a small neighbourhood of X\ = and we will obtained estimates in 
regions defined by — 1 < X\ < e. On the energy surface, p = 0, this implies that |£| < Ce 1 / 2 
and the uncertainty principle gives a natural restriction on e: ex e 1 / 2 < Kh, that is, 
e < Mh 2 / 3 . 

We start with the following 

Lemma 7.1. Let P = p w (x, hD) with p given by (17. 2J) . and suppose that u is supported in 
a small neighbourhood ofO. Define 

fl e = {(xi, x') : X\ < e} . 

Then, for e > h 2/3 , 

\\{hDTu\\ L , m < Ce5|| u || i2(Q2e) + Ce-i||P W |U 2(n2e) , \a\ = 1. 

Proof. Let us put w e = x( x i/ e ) u where x £ C°°(R, [0, 1]) is supported in £ < 2 and is equal 
to 1 in t < 1. Then 

2 /i /i 2 

Pu e = x(x 1 /e)Pu + --x'(xi/e)hD Xl u -x"(x 1 /e)u . 

i e e z 

Integration by parts gives 

(x'(x 1 /e)hD Xl u,u e ) = 0(h/e)\\u\\ 2 L2{n2e) , 

and hence 

(P Me , Me )/6 = 0(l/6)|| M || i2(n2e) ||P M || i2(n2E) +0(/ i 2 /6 3 )|| M ||i 2(n2E) 

= 0(l/e)\\u\\ L2{n2 jPu\\ LHn2c) + 0(l)\\u\\ 

i 2 (n 2e ) 

= 0(l/ e 2 )||P M ||i 2(n2e) + 0(l)|| M ||i 2(n2e) , 

where we used h 2 /e 3 < 1. 
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On the other hand ()7.2|) shows that for any 



kv 



Z {Pu e ,u t ) > —\\(hD) a u e \\ 2 - Cdxt/e^Ui) > —UhD) a u t \\ 2 -C\\u\\ 2 LHn ^. 



1 

e Ce Ce 

Thus, 

W(hDru e r < Ce\\u\\l 2(Q2e) + j\\Pu\\l 2(Q2c) . 

\a\=l 

which proves the lemma. □ 

We remark that a similar integration by parts argument gives a global weighted estimate 
(see [TT1 (13)] for a slightly weaker version in a particular case): 

(7.4) \\(xl + e 2 y^hDu\\ < C\\u\\ + Ce~ 1 \\Pu\\ , e>0, < h< 1 . 
In fact, 

||n|| 2 + e~ 2 ||Pu|| 2 > ((x 2 + e 2 y^u,Pu) 

= \\(xi + e 2 )^hD Xl u\\ 2 + ((4 + e 2 )"h-(x, hD x ,)u, u) 

+ ([^.^(x^ + e 2 )- 1 / 2 ]?/,^.^) - (x 1 (x 2 1 + e 2 )-^u,u) 

>^j2\\( x i +e2 y^ hD ) au \\ 2 -°\\ u \\ 2 - 

\a\=l 

For estimating the commutator term we noticed that 

\{[hD Xl , (xj + e 2 )^/>, hD Xl u}\ < hWxJixj + e 2 )u\\ \\(xj + eY^hD^uW 

< h(C\\u\\ 2 + \\(x 2 + e^-^hD^uW/C) . 

The next lemma is a preparation for a positive commutator argument: 
Lemma 7.2. In the notation of Lemma \7.1\ let 

A = l -{e~^ a { Xl / e )hD Xl + (hD xl )e-*<x{x x /e)) , e > /i 2 / 3 , 

w/jere a G C°°(M) ; a(t) = I, fort < I, and for all k G N, d k a(t) = 0(r 1/2 " fe ), t > 1. 
Suppose that u satisfies (J2.7|) with \ is supported near (0,0), and \\Pu\\ = 0(h). Then 

(7.5) ~([P, A]u, u) = e"* (((2/e)hD Xl a' ( Xl /e) hD Xl + c{x)a (xi/e) u) ,u) + 0(1) . 

Proof. The operator (i/h)[P, A] is a second order selfadjoint operator and a computation 
gives 

A] = e-3 (^ X1 a' fci/e) M)^ + c(ar)a (x 1 /e) (1 - xA lC (x) - d xi \ w (x, hD x ,))) , 
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(this also follows from the composition formula in Weyl calculus using (|7.3|) ). We need to 
show that for u satisfying our assumptions we have 

(7.6) (e^a(x 1 /e)x 1 u,u) = 0(1) , 
and 

(7.7) (e~3a (xje) d xl X w (x, hD x ,)u, u) = 0(1) . 
To see (|7.6|) we note that for x\ > e we have 

e^xia(xi/e) = x\ (xi/e) 1//2 a(xi/e) = 0(1) , 

since a(t) = 0((t)~ 1 ^ 2 ) for t > 1 . For i] < e we proceed as in the proof of Lemma 17.11 
using the favourable sign of x\ in the equation: in the notation used there 

-{e-^a{xi/e)xiu e ,u e ) = 0(e^)\\u e \\ 2 - (e~^{{hD Xl f + X w (x, hD x ,))u e ,u e ) 

< C(e5 + h/e*) < Ce^ , 

since, by the sharp Garding inequality (note that we are near frequency 0), or by integration 
by parts, 

((hD Xl ) 2 + X w (x, hD x ,))v, v) > -h\\v\\ 2 . 
To see ()7.7|) we integrate by parts in the x' variables to obtain 

(e-^a(x 1 /e)d Xl X w (x,hD xl )u,u) < Ce~^ ^ \\W(xi/e)\^(hD) a u\\ 2 + 0(h/e^) . 

|q|=1 

The last term came from commutators and we used the fact that ||w||, || (/i-D) a w|| = 0(1) 
(see the assumption (|2.7|) ). For x\ < e we use Lemma f7. II which gives 

\\(hD) a u\\ L 2 ( n e ) < Ce^ + Che'? = 0(e*) . 

For Xi > e we have 

e~*|a (xi/e) |s < C[x\ + e 2 )^ < C{x\ + e 2 )^ , 
and the estimate follows from (|7.4|) . □ 

The next lemma is our crucial estimate. Heuristically, as has been explained in jX X| 
Sect. 3], it follows from estimating the length of trajectories on the energy surface over the 
set x\ < e: that length is at most 62. To make this rigorous we apply the standard positive 
commutator argument but with an e dependent multiplier. 



Lemma 7.3. Under the assumptions on u and e from Lemma \7.£\ we have 

\\(hDYu\\ L * m = ©(e^+N/ 2 ) , \ a \<l. 
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Proof. In view of Lemma flZHj we only need to prove the estimate for a = 0. We will apply 
Lemma 17.21 with 

e > Mh 2/3 , M > 1 , 

and such that 

2ta'(t) + a(t) > 1 , for t < 1 , 

2ta'(t) + a(t) > (1 + |t|r 3/2 , a'(t)<0, for i el, 
We construct such a function by smoothing out 

def f 1 t < 1 , 



Oo(t) 



2/v / FTI t>i. 



We first observe that Lemma \7. II and the global estimate (|7.4|) show that An = L 2(1). In 
fact, 

Au = e~^a(x 1 /e)hD xl u - ihe~^a'(xi/e)u = 0((xi)+ + e 2 )~*hD xl u + C L 2 (1) • 

We can then use Lemma [7. II in x\ < e and the estimate (|7.4|) for xi > 0. 
Since we assumed that Pu = Ojji (h), as P and A are selfadjoint, we have 

0(1) = Re-(Pn,Au) = Re-([P,A]u,u) . 

i i 

From (|7.5j) we then have 

(((2/e)hD Xl a' ( Xl /e) hD Xl + c(s)a ( Xl /e) u) ,u) = 0(ei) , 

and we want to estimate the left hand side from below. For that we rewrite it as 
(7.9) 

< ((2/e)a (xi/e) (ZiAsJ 2 + c(z)a (xi/e) m) , u> + Im <(2/i/e 2 )a" (xi/e) /iD Xl u, u) = O(e^) . 

Integration by parts gives 

Im {{2h/e 2 )a" ( Xl /e) hD Xl u, u) = Re ((2h 2 /e 3 )a"' (x x /e) u, u) . 

Using the the fact that Pu = O^^h) we obtain 

(hD xl ) 2 u = c{x)x x u - \ w (x, hD)u + L i{h) . 

Hence from (|7.8j) . the nonnegativity of A(x, £'), we then see that the first term in (J7.9j) 
satisfies 

(((2/e)o / (si/e) (MAJ 2 + c(x)a (xx/e) «) , u) 
(7-10) 11 ! 

> ^\H\ LH n c) + ^((1 + (*iA)T 3/ V u) - 0(e*) . 

We used here e > /i§ which gave 0(/i/e) = C^/i 1 / 3 ) = 0(e 1 / 2 ). 



28 H. KOCH, D. TATARU, AND M. ZWORSKI 

To estimate the second term in ()7.9j) we note that ()7.8|) gives a"'{t) = for t < and 
*'"(*) I < C(l +t 2 )" 7 / 4 for 
sufficiently large we obtain 



< C(l + 1 2 ) 7 ^ 4 for t > 0. Using the assumption on e, e > Mh 2 ^ 3 , and choosing M 



|(/iVV"( Sl /e)«,«}| < Af- 3 ((l + (x/e) 2 )~ 7/ Vn) < + (Ve) 2 )^, u> 

This and ()7.10p show the second term in ()7.9|) can be absorbed into the first one. Taking 
this into account in combining ()7.9|) and (|7.10p completes the proof. □ 

The next lemma gives LP estimates in strips. It follows the idea of JT] of using rescaled 
Strichartz estimates. 



Lemma 7.4. Suppose that 



A e = {xeR n , |xi-e|<e/2} 



and that u satisfies the localization condition (J2.7|) Pu = Oi?.{K). Th 



en 



(7.11) \\u\\L> (At ) = 0(h-°®e*-»to), 2<p< - e>0 3 

n — 2 



where 



a(p) 



n_l_n ^H_l)< p<00 
2 p ' n— 1 — 1 — ' 



and 



Hip) = n 



Hnkfl-l\ 9 < n < H(n+1) 
2 ^2 p^/ ' Z ^F^ n -l' 

1 l\ 3a(p) 



2 p t 

Proof. Let us divide the strips into boxes of size e: 

A k = {xER n , |x!-e|<e/2, \x' - ek\^ < e/2} , 
A k = {xER n , |xi-e|<3e/4, |a/ — eA?j/«» < 3e/4> , k E TL n ~ x 
We will prove that 

||«IU^)<C'/ i -^e-^(|| U || L2( ^ ) + e^||P«|| L2(Ife) ), 

(7-12) 2n l2/3 

2<p< , e > h 2/3 . 

n — 2 



SEMICLASSICAL W ESTIMATES 29 

Asp > 2, and Pu = L2 (h), 

\\u\\ LHAi) < ch-°oh-M [J2 (h\\ LH A*) + ^/hWA^) 

\ k 

<C"ft-"C»6-" w (||t I || L , (ni , ) +ei), 
from which the lemma follows by applying Lemma [7.31 
To prove (J7.12J1 we rescale variables in A\: 

x\ = f {x\ — e)/e , x' = f {x — ek) / e , 

and define 

u(x) = f e^uie + exi, ek + ex') , Pu = f -Pu . 

The operator P is a semiclassical operator with a new parameter: 

p = (hD £l ) 2 + X w (x, hDff, h) - c(x, h)x! , h = h/e i/2 . 

Let 

A = {x : |x!-l|<3/4, |x| £ oo<3/4}, A = f {x : \xx-l\<l/2, |x'|^<l/2}. 
By rescaling the desired estimate (|7.12j) is equivalent to 

(7.14) \\u\\ LP{A) < Ch-^\\\u\\ L2{1) + h- x \\Pu\\ L2{1) ) , 2 < p < . 

In fact, fi(p) = n(l/2 — 1/p) — 3er(p)/2, where n(l/2 — 1/p) comes from converting x 
integration to x integration. 

Using the elliptic estimate in Lemma 12.61 (with h replaced by h) we only need to prove 
flTT^ with u supported in A: if ip G C™(A), i[> = 1 in A, then 

\\u\\l P (a) = \\Mi*W < Ch-^KllML^ + h'^PMLHA)) 
KC'h-^^M^ + h-^Pull^) 

We now observe that for x G A, P satisfies the assumptions of Theorem |5J with the 
new semiclassical parameter h. However, u does not satisfy the localization condition (|2.7|) 
(again with h). To remedy this, let x G C^°(T*~R n ) be equal to one near 

[J {(x,i) : xeA, p(x,lh) = 0}, P = p u] (x,hDz,h), 

0<h<h 
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where we note that the definition of P guarantees the compactness of the union. Then 

«i = X w {^ihD,i)u, satisfies (12. 7J) (with h replaced by h). We can apply Theorem or 
rather its interpolated version, shown in FigQ to see that 

WuiWlha) < Ch-^\\\u x \\ L * {A) + ^HPuill^)) 

<ch-^\M L2{A) + h- l \\P^\ L2CA) ). 

Here we also used Lemma 12.61 (with h replaced by h) to estimate the commutator terms 
arising in replacing u\ with u on the right hand side. 

We need to estimate 1 1^2 Hi? (A); where u 2 = (1 — X) w {%i hD^)u. For that we note that on 
the support of 1 — Xi V > (0 2 /C, that is we have strong ellipticity. We can apply Lemma 
12. II to obtain 

£ \\(hD S Tu 2 \\ 2 < C\\Pu 2 \\ L2{A) + <D(h°°)\\u\\ L2{X) . 

\a\<2 

Lemma [2.41 now shows that 

We note that except for n = 2, the condition on p is the same as the condition in (j7.14j) 
and that n(l/2 — 1/p) — 1 < °~{p)- When n = 2 we have to consider the case of p = oo, 
and the same estimate follows from Lemma [2.51 applied with s = 2. 

Thus for all n > 2 we obtained a stronger version of ()7.14|) with u replaced by u 2 on the 
right hand side (we could not directly invoke Theorem |3] since we do not have localization 
condition for u 2 ). 

Writing u = ui + u 2 and combining the two estimates give ()7.14|) proving the lemma. □ 



Proof of Theorem Using Lemma 17.41 we obtain the estimate in W 1 \ Q h 2/3 by using a 
dyadic decomposition with e = 2 k h 2 ^ 3 . We check that in (|7.11j) we have 

/2(n + 3)\ 1 . , 1 2(n + 3) 



n + 1 J 4 v/ 4 ~ n + 1 

2n \ 1 , . 1 2(n + 3) 2n 

V T = 7 > -A*(P) + 7 < > , i < P < 



n — 1/4 4 n + 1 n 
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Hence, with K(h) = 0(log(l/h)) given by 2 K ^ = h 2/3 , 

K(h) 

\u\\ P T „, m „, n ,<C^ ^-p(<7(p)+2/3( At (p)-l/4)) 2 pfc(l/4-A t (p)) 



IP 

\LP(R«\n h2ri ) 

k=0 



^-p(2/3)(n(l/2-l/p)-l/4)j = (^(^(l-f (1/2-1/p))) 2(n+3) < p < ^ 
0(h- pa ^K(h)) = C)(/ i -P(n-l)/(2(n+3)) l g(l//i)) p = M , 

0(h- pa ^) = 0(/i-p((^- 1 )( 1 / 2 -Vp))) 2 <p < 2(n + ] 3) , 

which is the desired estimate (jl.llj) for 2 < p < 2n/(n — 2). When n > 2 the estimate for 
p = 2n/(n — 2) follows from Theorem [HI When n = 2 then the L°° estimates follows from 
the estimate in strips given in Lemma [7.41 

To complete the proof we estimate the norm of the truncated function u e , which appeared 
already in the proof of Lemma 17.11 

u e = X (xi/e)u, xeC°°((-oo,2),[0,l]), x(t) = 1 , * < 1 , e = h 2 ' 3 . 
Lemma 1*7.41 then shows that 

J2\\(h 2/3 Dru e \\ 2 = 0(h l s). 

\a\<l 

Applying Lemma [2.41 with h replaced by h 2 / 3 we see that 

IMU^ 2/3 ) < \K\\ P < C^ 2 / 3 )«(Vp-i/2) + i/6 2 < p < 

This completes the proof for p > 2n/(n — 2) as the last estimate is the same as for 
2{n + 3)/(n + 1) < p < 2nj (n — 2) and better for the remaining values of p. For n > 2 the 
result at p = 2n/(n — 2) again follows from Theorem |S1 

For n = 2 we recall from the proof of Lemma 17.11 that for e = h 2 ^ 3 , 

||Pu 6 || a = 0(1)||P«|| 2 + 0(h^\\hD Xl u\\ n2e + O(0)\\u\\n 2e , 
and hence by Lemma [7.41 ||P« e || 2 = 0(h 5 ^ 6 ). We now recall ()7.2|) and write 
||Pu e || 2 = \\({hD Xl ) 2 + a(x)(hD X2 ) 2 )u e \\ 2 2 + \\c(x)x lUe \\ 2 2 

-2Re(c(x)x 1 « £ , ((hD Xl ) 2 + a(x)(hD X2 ) 2 )u e ) . 

The last term is equal to 

— 2 Rje(c(x)xihD xl u e , hD Xl u € ) — 2 Re{c(x)a(x)xihD X2 u e , hD X2 u e ) 
+ 0(h)\\u e \\ 2 (\\hD xl u e \\ 2 + \\hD X2 u £ \\ 2 ) 
> -0(h 5 /' 3 ) , 
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where we used x\ < 2h 2 ^ 3 and Lemma [7.41 Hence 

\\((hD Xl ) 2 + a(x)(hD X2 ) 2 )u e \\ 2 = O(hl) , 

and we obtain 

|| {{h 2 ' 3 D Xl ) 2 + a(x)(h 2 / 3 D X2 ))u e \\ 2 = 0(h l e) , 
Using Lemma [2. 61 we consequently have 

\\(h 2 / 3 Dr Ue \\ 2 = o(h*). 

\a\<2 

Finally, Lemma [2.51 shows that 
completing the proof for n = 2, p = oo. 

□ 
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